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a b s t r a c t
The intersection curve between two surfaces in three-dimensional real projective space
RP3 is important in the study of computer graphics and solid modelling. However, much
of the past work has been directed towards the intersection of two quadric surfaces. In
this paper we study the intersection curve between a quadric and a cubic surface and its
projection onto the plane at infinity. Formulas for the plane and space curves are given for
the intersection of a quadric and a cubic surface. A family of cubic surfaces that give the
same space curve when we intersect themwith a quadric surface is found. By generalizing
themethods inWang et al. (2002) [6] that are used to parametrize the space curve between
two quadric surfaces, we give a parametrization for the intersection curve between a
quadric and a cubic surface when the intersection has a singularity of order 3.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A quadric surface in RP3 is an algebraic surface of degree 2. The general homogeneous equation for a quadric surface is
Q (X, Y , Z,W ) := XQ1XT = 0, (1)
where Q1 is a real, invertible, symmetric 4× 4 matrix and X =
[
X Y Z W
]
is in homogeneous coordinates.
A cubic surface in RP3 is an algebraic surface of degree 3. The general homogeneous equation for a cubic surface is
C(X, Y , Z,W ) := XXC1XT + YXC2XT + ZXC3XT +WXC4XT = 0, (2)
where
C1 =
a b c db e f gc f h i
d g i j
 , C2 =
b e f ge k l mf l n q
g m q p
 , C3 =
c f h if l n qh n q r
i q r s
 , C4 =
d g i jg m q pi q r s
j p s t
 .
We call C1, C2, C3, and C4 the pages of the symmetric tensor U that corresponds to the homogeneous polynomial of (2) as in
Section 9.14 of [4]. For convenience we say that U defines C .
In [7], Yuan proved that any quartic curve generated by the intersection of two quadric surfaces in CP3 is isomorphic to
the curve created by the intersection of the following two surfaces
XY − ZW = 0,
X2 + Y 2 − a2Z2 − a2W 2 = 0.
This normal form is then used to construct a birational equivalence between curves of genus one in CP3 and planar curves
of genus one in CP2.
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The author initially tried to generalize the results of Yuan to the intersection of quadric and cubic surfaces, but due to
complications arising from the fact that cubic surfaces are given by tensors, the author decided to study the intersection
using parametrization. It remains an open question whether an explicit form similar to the one in [7] can be found for the
intersection of quadric and cubic surfaces.
In [6], Wang et al. studied the parametrization of the intersection of two quadric surfaces. Through a nice algebraic
method, they found a rational parametrization when the intersection curve is singular and a parametrization containing a
square root when the intersection is nonsingular.
It seems that we cannot completely adaptWang et al.’s methods to the most general case of the intersection of a quadric
surface with a cubic surface, because Theorem 3 in [6] fails in the general case of the intersection of a quadric surface with
a cubic surface. However, if we consider a special case of the intersection of a quadric surface with a cubic surface which
lowers the degree of the space curve projection, then we can adapt the failed theorem and hence adaptWang et al.’s results.
A parametrization of the quadric surface is defined as in [1]. We parametrize with a map from the plane at infinity to
RP3. Coordinates for the plane at infinity can be written as
[
r s t 0
]
with r , s, and t in R. Coordinates for RP3 are[
X Y Z W
]
. Let X0 be a fixed point on the quadric surface Q , and let T =
[
r s t 0
]
be a point on the plane at
infinity. Then
P(r, s, t) = (TQ1TT )X0 − 2(X0Q1TT )T
is a parametrization of the quadric surface Q (cf. [6]).
We now describe our main results. Throughout the rest of this article, the space curve is meant to be the intersection
curve between a quadric and a cubic surface, and the plane curve is the space curve projected via P(r, s, t) onto the (r, s, t)
plane, the plane at infinity, through a point on the space curve. Since this projection is a generalized stereographic projection,
the space curve then corresponds birationally to a plane curve Î(r, s, t) = 0 where Î is a certain polynomial of degree 6.
In general, there is a one-to-one correspondence between points on the plane curve Î and points on the space curve.
However, there is a whole line of points on the plane at infinity that correspond to the same point X0 on the quadric surface.
This line is called the base line, which is defined to be the intersection between the tangent plane to the quadric surface at
X0 and the plane at infinity. The infinitely many-to-one correspondence can be seen by the pencil of lines uX0+ vT. In most
cases, a line would intersect the quadric surface again. However, if a line is on the tangent plane, then it would intersect X0
at the same place twice. This would result in the points that lie on the intersection between the tangent plane and the plane
at infinity to all correspond to X0.
A k-fold point on the space curve between the quadric and cubic surface is a point such that if we intersect a plane with
the space curve through this point, the plane will have 6− k other intersections with the space curve. We can write
Î(r, s, t) = (X0Q1TT )kI(r, s, t), (3)
where I is a degree 6 − k polynomial if and only if X0 is a k-fold point on the space curve between the quadric and cubic
surface. Thus if X0 is a k-fold point of the space curve, then the polynomial for the plane curve is given by
I(r, s, t) = Î(r, s, t)
(X0Q1TT )k
.
A base point is a point (a1, a2, a3) that is not (0, 0, 0) and satisfies P(a1, a2, a3) = 0. Note that every rational quadratic
parametrization of a quadric surface has two base points.
Wewill consider the special case of space curves that have a singularity of order 3, that is, the case when the space curves
have a 3-fold point.
Our first parametrization theorem for the special case of space curves states that if I(r, s, t) is an irreducible singular
curve and passes through both base points of P(r, s, t), then the space curve has a degree 4 rational parametrization. This
parametrization is a simple parametrization.
The second parametrization theorem for the special case of space curves states that if I(r, s, t) is an irreducible
nonsingular curve and passes through the two base points of P(r, s, t), then the space curve has a parametrization involving
a square root.
Methods used to detect the singularity and reducibility of I(r, s, t) are not discussed in this paper. These methods can be
found in [5,6].
Despite its limited scope, our parametrization theoremsprovide a simple and efficientmethod for finding the intersection
curve in space. Since the parametrization either is rational or contains a square root, our parametrization is in some sense
better than others, such as in [3] where an intersection curve is determined using resultants, because our parametrization
saves computing time.
The paper is organized as follows: In Section 2, we derive formulas for the intersection curve between a quadric and
a cubic surface and for its projection onto the plane at infinity. The Eq. (3) is also proved in this section. In Section 3, we
describe a family of cubic surfaces that give the same space curve when they are intersected with a given quadric surface.
Other properties of this family of cubic surfaces are also studied. Finally, in Section 4 we find a parametrization for a special
case of space curves between a quadric and a cubic surface. This parametrization is rational if the plane curve is singular,
and contains a square root if the plane curve is nonsingular.
Note that all results in this paper remain valid in CP3.
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2. A formula for the plane curve
Lemma 2.1 (cf. [6]). Let T = [r s t 0] be a point on the plane at infinity. Then
P(r, s, t) = (TQ1TT )X0 − 2(X0Q1TT )T (4)
is a parametrization of the quadric surface Q .
Proof. The line in RP3 between X0 and T can be parametrized as uX0 + vT. By Bézout’s Theorem, this line passes through
the quadric surface twice. Since we are projecting through X0, the line intersects at least once at X0.
To find the other intersection point, we substitute X = uX0 + vT into the equation XQ1XT = 0 and derive that
(uX0 + vT)Q1(uX0T + vTT ) = u2X0Q1X0T + uvX0Q1TT + uvTQ1X0T + v2TQ1TT = 0.
Since X0 is a point on the quadric surface, X0Q1X0T = 0. Thus
uvX0Q1TT + uvTQ1X0T + v2TQ1TT = uv(X0Q1TT + TQ1X0T )+ v2TQ1TT
= v(2uX0Q1TT + vTQ1TT ) = 0.
So a solution is u = TQ1TT and v = −2X0Q1TT . Substituting these two values into uX0 + vT, we find P(r, s, t) that
parametrizes the quadric surface in r , s, and t , the coordinates of the plane at infinity.
This completes the proof of the lemma. 
We recall that the space curve corresponds birationally to the plane curve Î(r, s, t) = 0, where Î is a certain polynomial
of degree 6.
Lemma 2.2. The polynomial for Î is given by
Î = C(P(r, s, t)).
Proof. By Lemma 2.1, P(r, s, t) is a parametrization of the quadric surface. Since P(r, s, t) is a point on the quadric surface,
if P(r, s, t) is on the intersection curve, then P(r, s, t)must also be on the cubic surface C . So the intersection between the
quadric and cubic surface is given by Î = C(P(r, s, t)) = 0.
This completes the proof of the lemma. 
Recall that the base line is the intersection between the tangent plane to the quadric surface atX0 and the plane at infinity.
A formula for the base line is given in the following proposition.
Proposition 2.3. The base line is given by the equation X0Q1TT = 0.
Proof. By the proof of Lemma 2.1, P(r, s, t) is the intersection of the line uX0 + vT with the quadric surface. If T is on the
base line, by the definition of the base line and the definition of P(r, s, t)we have P(T) = X0.
The equation P(T) = X0 can be written as
(TQ1TT )X0 − 2(X0Q1TT )T = X0.
Hence 2(X0Q1TT )T = 0. If T 6= 0, then X0Q1TT = 0. Thus X0Q1TT = 0 is the equation of the base line.
This completes the proof of Proposition 2.3. 
The following theorem shows that the plane curve Î has the base line as a factor if and only if X0 is a point on the space
curve. A version of this theorem for the intersection of two quadric surfaces is given in [6].
Theorem 2.4. We have Î(r, s, t) = (X0Q1TT )kI, where I is a degree 6 − k polynomial if and only if X0 is a k-fold point on the
space curve between the quadric and cubic surface.
Proof. Let X0 be a k-fold point of the space curve, 0 ≤ k ≤ 6. Let X0Q1TT be a l-fold factor of Î(r, s, t). So Î(r, s, t) =
(X0Q1TT )lI , where I is a polynomial of degree 6− l.
Let L be a line in the r , s, and t plane (the plane at infinity). The plane determined by the line L and the point X0 will
intersect the space curve in 6− k points other than X0. The 6− k intersections are in one-to-one correspondence with the
intersections between L and Î(r, s, t) = 0 that are not on the base line, in other words, the intersections between L and
I(r, s, t) = 0. By Bézout’s Theorem, the number of intersection points of a line with a curve is equal to the degree of the
curve. So 6− l = 6− k. Therefore k = l.
This completes the proof of Theorem 2.4. 
By Theorem 2.4, we can say that the base line will always be a factor of Î(r, s, t). So we can derive a formula for I(r, s, t)
which does not contain the base line factor.
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Corollary 2.5. The polynomial for the plane curve is
I(r, s, t) = Î(r, s, t)
(X0Q1TT )k
if X0 is a k-fold point of the space curve.
Proof. The stated formula follows immediately from Theorem 2.4. Moreover, I(r, s, t) represents the curve on the plane at
infinity that is in one-to-one correspondence with the points on the surface intersection curve.
This completes the proof of the corollary. 
Notice that the formulas for P(r, s, t), Î , and I are similar to the formulas for the rational quadratic parametrization and
for the intersection curve of the quadric intersections in [6].
3. Properties of a family of cubic surfaces
In the next two theorems, we give some initial results towards simplifying the equation for the space curve between
the quadric and cubic surface in the most general case. These results are similar to what is done in [7] for space quartics.
However, our situation is much more complicated than that in [7]. It is likely that an explicit normal form as neat as in [7]
does not exist for the intersection of a quadric and cubic surface when the space curve is treated in full generality.
The formula for symmetrizing a rank 3 tensor T is
Sym(T )ijk = 1|S3|
∑
σ∈S3
Tσ(i)σ (j)σ (k) (5)
where Tijk is the element in the ith row, jth column, and kth page of the tensor (see Chapter 9 of [4]). The symbol Sym(T )
denotes the symmetrized tensor whose elements Sym(T )ijk are achieved by (5). This is useful because for the general form
of the cubic surface we need to use a symmetric tensor.
When we say ‘‘a polynomial defined by a matrix’’ or ‘‘a polynomial defined by a tensor", we mean the polynomial that is
derived by substituting the matrix or the tensor into (1) or (2), respectively.
Lemma 3.1. Given a rank 3 tensor T ,∑
σ∈S3
Sym(T )σ(i)σ (j)σ (k) =
∑
σ∈S3
Tσ(i)σ (j)σ (k). (6)
Proof. By (5),
Sym(T )ijk = 16 (Tijk + Tikj + Tjik + Tjki + Tkij + Tkji).
We notice that have the exact same right hand side for Sym(T )ikj, Sym(T )jik, Sym(T )jki, Sym(T )kij, and Sym(T )kji. Adding
these 6 equations, we find that∑
σ∈S3
Sym(T )σ(i)σ (j)σ (k) =
∑
σ∈S3
Tσ(i)σ (j)σ (k).
This completes the proof of the lemma. 
Another interpretation of the indices of Tijk in a rank 3 tensor T is that the coefficient of the ith variable times the jth
variable times the kth variable in the polynomial defined by T is
∑
σ∈S3 Tσ(i)σ (j)σ (k). As a corollary of Lemma 3.1, we have the
following result.
Corollary 3.2. The coefficients of the polynomial defined by T and Sym(T ) are the same.
Theorem 3.3. Let a, b, c, and d be constants, and let T be the tensor whose pages are aQ1+C1, bQ1+C2, cQ1+C3, and dQ1+C4.
Then the pages of Sym(T ) will give the same polynomial as that given by the pages of T . Moreover, the polynomial is
(aX + bY + cZ + dW )Q + C
where Q and C stand for the polynomials given in (1) and (2).
Proof. We nowwill determine the polynomial for the tensor T . Recall that in the definition of a cubic surface we use pages
of a symmetric tensor. By Lemma 3.1 and Corollary 3.2, we can use the pages of the asymmetric tensor T instead of the
symmetric tensor Sym(T ). The cubic surface defined by T is then given by the equation
XX(aQ1 + C1)XT + YX(bQ1 + C2)XT + ZX(cQ1 + C3)XT +WX(dQ1 + C4)XT = 0,
which can be written as
(XQ1XT )(aX + bY + cZ + dW )+ XXC1XT + YXC2XT + ZXC3XT +WXC4XT = 0.
Let Q = Q (X, Y , Z,W ) and C = C(X, Y , Z,W ) be given as in (1) and (2). Then the above equation can be written as
(aX + bY + cZ + dW )Q + C = 0.
So the polynomial for the cubic surface defined by the new tensor T is given by the equation (aX + bY + cZ + dW )Q + C .
This completes the proof of Theorem 3.3. 
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Lemma 3.4. Let P(r, s, t) be given as in (4). Then
PT (P(r, s, t)) = C(P(r, s, t))
where C stands for the polynomial defined by the tensor U with pages C1, C2, C3, and C4 and where PT is the polynomial defined
by the asymmetric tensor T in the theorem above.
Proof. Since P(r, s, t) parametrizes the quadric surface Q , we have Q (P(r, s, t)) = 0. By Theorem 3.3,
PT (P(r, s, t)) = (aX + bY + cZ + dW )Q (P(r, s, t))+ C(P(r, s, t))
= C(P(r, s, t)).
This completes the proof of the lemma. 
Lemma 3.5. Let there be a quadric surface defined by the matrix Q1 and a cubic surface defined by the tensor U. We denote by T
the new tensor that has pages of aQ1 + C1, bQ1 + C2, cQ1 + C3, and dQ1 + C4. Then the following statements are true:
1. If X is on the quadric surface defined by Q1 and on the cubic surface defined by U, then X is on the cubic surface defined by T .
2. If X is on the quadric surface defined by Q1 and on the cubic surface defined by T , then X is on the cubic surface defined by U.
3. If X is on the cubic surface defined by T and on the cubic surface defined by U, then X is either on the quadric surface defined
by the matrix Q1 or on the plane aX + bY + cZ + dW = 0.
Proof. Note that we do not need to symmetrize the tensor T because T and Sym(T ) will give the same polynomial by
Theorem 3.3.
For the first item, we are given that XQ1XT = 0 and that
XXC1XT + YXC2XT + ZXC3XT +WXC4XT = 0.
To show that X is on the cubic surface defined by T , it suffices to show that
XX(aQ1 + C1)XT + YX(bQ1 + C2)XT + ZX(cQ1 + C3)XT +WX(dQ1 + C4)XT = 0.
The left sides of the above equation can be written as
(aX + bY + cZ + dW )XQ1XT + XXC1XT + YXC2XT + ZXC3XT +WXC4XT
which is equal to 0 by the two given conditions.
Next, we prove the second item. By the assumption, XQ1XT = 0 and
XX(aQ1 + C1)XT + YX(bQ1 + C2)XT + ZX(cQ1 + C3)XT +WX(dQ1 + C4)XT = 0.
An argument similar to that made for the first statement shows that
XXC1XT + YXC2XT + ZXC3XT +WXC4XT = 0.
This proves the second statement.
For the third item, we know that
XXC1XT + YXC2XT + ZXC3XT +WXC4XT = 0
and that
XX(aQ1 + C1)XT + YX(bQ1 + C2)XT + ZX(cQ1 + C3)XT +WX(dQ1 + C4)XT = 0.
By the above two equations we get that
(aX + bY + cZ + dW )XQ1XT + XXC1XT + YXC2XT + ZXC3XT +WXC4XT = 0
and that
(aX + bY + cZ + dW )XQ1XT = 0.
It follows that either aX + bY + cZ + dW = 0 or XQ1XT = 0. Hence X is either on the quadric surface defined by the matrix
Q1 or on the plane aX + bY + cZ + dW = 0.
This completes the proof of the lemma. 
There are two possible space curves for the intersection of C and T , a plane intersecting a cubic surface that results in a
cubic plane curve, or a quadric intersecting a cubic surface that results in the desired space curve.
The following theorem gives another property of the family of cubic surfaces.
Theorem 3.6. Let PT be the polynomial defined by the asymmetric tensor T in Theorem 3.3. Then the surfaces defined by Q and
by PT = (aX + bY + cZ + dW )Q + C have the same intersection space curve as that of the surfaces defined by Q and by C.
Proof. Let Q and C be the quadric and cubic surface respectively, and let T be the cubic surface defined by the tensor T . By
the first statement in Lemma 3.5, Q ∩ C is contained in T . Hence Q ∩ C is contained in Q ∩ T .
By the second statement in Lemma3.5,Q∩T is contained in C . HenceQ∩T is contained inQ∩C . Therefore,Q∩T = Q∩C .
This completes the proof Theorem 3.6. 
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By combining Theorem 3.6 with the subsequent two parametrization theorems, we see that there is a family of cubic
surfaces that give the same space curve. This fact allows some flexibility when computing the parametrization of the space
curve.
4. Parametrization of a special case of space curves
We now consider a special case of space curves that can be parametrized by adapting the methods of [6]. Our strategy is
to map the space curve onto the quadric surface using P(r, s, t) to construct a parametrization of the space curve.
In the proof of our parametrization theorems, we will need the following definition.
Definition 4.1 (cf. [2]). The k-th order Taylor polynomial for a function f : X ⊆ Rn → R of class Ck near a ∈ X is given by
pk(x) = f (a)+
n∑
i1=1
fxi1 (a)(xi1 − ai1)+
1
2!
n∑
i1,i2=1
fxi1 xi2 (a)(xi1 − ai1)(xi2 − ai2) (7)
+ · · · + 1
k!
n∑
i1,i2,··· ,ik=1
fxi1 xi2 ···xik (a)(xi1 − ai1)(xi2 − ai2) · · · (xik − aik).
Note that the above formula can only be used for polynomials in affine space. For a homogeneous polynomial f , we must
dehomogenize f by a certain variable first before we can expand f using the Taylor expansion formula. To get back to the
homogeneous polynomial f , we need to perform rehomogenization. It is easy to see that the result does not depend on
which variable we dehomogenize by.
Let X0 be a 3-fold point on the space curve between the quadric and cubic surface. Then the base line is a 3-fold factor of
Î(r, s, t). After we divide out base line factors, the remaining component I(r, s, t) is of degree 3 which we can parametrize
using a similar approach as in [6].
The following is our first parametrization theorem for this special case of space curves.
Theorem 4.2. The space curve whose projection is an irreducible singular curve I(r, s, t) has a degree 4 rational parametrization
if I(r, s, t) passes through both base points of P(r, s, t). Moreover, this parametrization of the space curve is of the form
R(u, v) = p(u, v)Np(u, v)
T
(ub0 − va0)(ub1 − va1)
where p(u, v) and N are defined in the proof of this theorem and where (a0, b0) and (a1, b1) are points such that p(a0, b0) and
p(a1, b1) are the two base points of P(r, s, t).
Proof. Since I(r, s, t) is of degree 3, it can only have one singular point, a double point. Denote this double point by
d = (d1, d2, d3) with d3 6= 0. If d3 = 0, we can permute the coordinates of d so that d3 6= 0. The pencil of lines centered
at d can be written as p(u, v, α, β) = αd + β(u, v, 0). We substitute p(u, v, α, β) into I(r, s, t). That is, we substitute
r = αd1 + βu, s = αd2 + βv, and t = αd3 into I(r, s, t). Then we expand I(p(u, v, α, β)) around d using (7).
Since (7) is for non-homogeneous polynomials, we dehomogenize I(p) by setting α = 1. So we substitute the pencil
d+ β(u, v, 0) into I(r, s, t) and then expand using the Taylor expansion. Thus
I(d+ β(u, v, 0)) = I(d)+ β
(
∂ I
∂r
u+ ∂ I
∂s
v
)
+ β2
(
1
2!
2∑
i=0
(
2
i
)
∂2I
∂2−ir∂ is
u2−ivi
)
+β3
(
1
3!
3∑
i=0
(
3
i
)
∂3I
∂3−ir∂ is
u3−ivi
)
where all partial derivatives are evaluated at d. We now rehomogenize by α. Since I(r, s, t) is a cubic, we rehomogenize
each term to a degree 3 monomial. So
I(p) = α3I(d)+ α2β
(
∂ I
∂r
u+ ∂ I
∂s
v
)
+ αβ2
(
1
2!
2∑
i=0
(
2
i
)
∂2I
∂2−ir∂ is
u2−ivi
)
+β3
(
1
3!
3∑
i=0
(
3
i
)
∂3I
∂3−ir∂ is
u3−ivi
)
,
where all partial derivatives are evaluated at d.
Since d is a singular point, I(d) and all the first order partial derivatives vanish at d. Hence
αβ2
(
1
2!
2∑
i=0
(
2
i
)
∂2I
∂2−ir∂ is
u2−ivi
)
+ β3
(
1
3!
3∑
i=0
(
3
i
)
∂3I
∂3−ir∂ is
u3−ivi
)
= 0,
where all partial derivatives are evaluated at d.
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Let A(u, v) = 3∑2i=0 (2i) ∂2I∂2−ir∂ isu2−ivi and B(u, v) =∑3i=0 (3i) ∂3I∂3−ir∂ isu3−ivi. Then
αA(u, v)+ βB(u, v) = 0.
It follows that B(u, v)/A(u, v) must be a constant. Since I is a homogeneous polynomial in r , s, and t , we can choose
α = −B(u, v) and β = A(u, v). Our pencil p(u, v, α, β) then becomes
p(u, v) = −B(u, v)d+ A(u, v)(u, v, 0).
The pencil p(u, v) is a parametrization of the plane curve I(r, s, t). In order to parametrize the space curve we map this
parametrization onto the quadric surface using P(r, s, t).
Since X0Q1TT is a number,
2(X0Q1TT )T = T2(X0Q1TT ).
Let X0 = [x1, x2, x3, x4]. If we use the short-hand notation
N := [x1Q1, x2Q1, x3Q1, x4Q1] − 2X0Q1,
by (4) we can write
P(r, s, t) = TNTT . (8)
Note that theminus sign in the symbolN is understood in the context of (8). Substituting T = p into P(r, s, t), we derive that
P(p) = pNpT . This is a rational parametrization of the space curve of degree 6. We now examine a case where the rational
parametrization can be simplified. 
Lemma 4.3. If the curve I(r, s, t) = 0 passes through the base points of P(r, s, t), then we can divide out the factor (ub0 −
va0)(ub1 − va1), where (a0, b0) and (a1, b1) are points such that p(a0, b0) and p(a1, b1) are the two base points of P(r, s, t).
Proof. Since p(a0, b0) and p(a1, b1) are the two base points of P(r, s, t), (a0, b0) and (a1, b1) are zeros of p(u, v)Np(u, v)T .
Thus the factor (ub0 − va0)(ub1 − va1) can be removed from all four components of P(p(u, v)).
This completes the proof of the lemma. 
It follows from the above lemma that the parametrization of a space curve, for which I(r, s, t) is singular and passes
through the base points of P(r, s, t), can be rewritten as
R(u, v) = p(u, v)Np(u, v)
T
(ub0 − va0)(ub1 − va1) .
This completes the proof of Theorem 4.2. 
We now give a parametrization for a space curve where I(r, s, t) is an irreducible nonsingular curve.
Theorem 4.4. The space curve whose projection is an irreducible nonsingular curve I(r, s, t) has a parametrization involving a
square root if I(r, s, t) passes through both base points of P(r, s, t). Moreover, this parametrization is of the form
R(u, v) = F(u, v)
uv0 − vu0 ±
G(u, v)
uv0 − vu0
√
D(u, v)
where F , G, and D are defined in the proof of this theorem.
Proof. Since I(r, s, t) is of degree 3, by Bézout’s Theorem it must intersect the base line 3 times. Since 2 of the points are
base points, there must be a third point on the base line that is not a base point. Call this point d. The pencil of the lines
centered at d can be given by αd+β(u, v, 0). Similar to what we did in the proof of Theorem 4.2, wewill use (7) on I(r, s, t).
Since I(d) = 0, we have
I(αd+ β(u, v, 0)) = α2β
(
∂ I
∂r
u+ ∂ I
∂s
v
)
+ 1
2!αβ
2
(
2∑
i=0
(
2
i
)
∂2I
∂2−ir∂ is
u2−ivi
)
+ 1
3!β
3
(
3∑
i=0
(
3
i
)
∂3I
∂3−ir∂ is
u3−ivi
)
where all partial derivatives are evaluated at d.
Let
A(u, v) = 6
(
∂ I
∂r
u+ ∂ I
∂s
v
)
,
B(u, v) = 3
2∑
i=0
(
2
i
)
∂2I
∂2−ir∂ is
u2−ivi
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and
C(u, v) =
3∑
i=0
(
3
i
)
∂3I
∂3−ir∂ is
u3−ivi.
Then α2A+ αβB+ β2C = 0. This implies that B/A and C/A are constants. By the quadratic formula,
α = β
(
−B±√B2 − 4AC
2A
)
.
Since we are in homogeneous coordinates, we can choose β = 2A and α = −B ± √B2 − 4AC . Thus our pencil can be
rewritten as p(u, v) = −Bd + 2A(u, v, 0) ± d√B2 − 4AC . Let s(u, v) = −Bd + 2A(u, v, 0) and D(u, v) = B2 − 4AC . Then
the parametrization of I(r, s, t) becomes
p(u, v) = s(u, v)± d√D(u, v).
Note that s and d are vectors and D is a scalar. We map p to the quadric surface by substituting p into P(r, s, t). Using the
notation we used with the parametrization of a singular curve, we get that
P(p(u, v)) = (s± d√D)N(s± d√D)T
= sNsT + DdNdT ± 2sNdT√D.
If we denote F(u, v) = sNsT + DdNdT and G(u, v) = 2sNdT , then
P(p(u, v)) = F(u, v)± G(u, v)√D(u, v). (9)
This again is a parametrization of a space curve where I(r, s, t) is irreducible and nonsingular. We now try to reduce the
degree of this parametrization.
Lemma 4.5. If p(u0, v0) is the base line for some (u0, v0), then uv0 − vu0 is a factor of the parametrization of the space curve.
Proof. By (9), F(u0, v0) + G(u0, v0)√D(u0, v0) = 0 and F(u0, v0) − G(u0, v0)√D(u0, v0) = 0. So F(u0, v0) = 0. Now we
have two cases, D(u0, v0) 6= 0 and D(u0, v0) = 0.
If D(u0, v0) 6= 0, then G(u0, v0) = 0. So we can factor out uv0 − vu0. Therefore the parametrization for an irreducible
nonsingular intersection curve can be written as
R(u, v) = F(u, v)
uv0 − vu0 ±
G(u, v)
uv0 − vu0
√
D(u, v). (10)
We now show that (10) holds for D(u0, v0) = 0. We know that F(u0, v0) = 0 and D(u0, v0) = 0. Since p(u, v) =
s(u, v) ± d√D(u, v), we have p(u0, v0) = s(u0, v0). Since (u0, v0) is the point such that P(p(u0, v0)) = 0, we have
s(u0, v0) = 0. We also know that G(u0, v0) = 2s(u0, v0)NdT , and so uv0 − vu0 divides G. Thus our parametrization is
the same as (10).
This completes the proof of the lemma. 
It follows from the above lemma that the parametrization of a space curve, where I(r, s, t) is nonsingular and passes
through the base points of P(r, s, t), can be rewritten as
R(u, v) = F(u, v)
uv0 − vu0 ±
G(u, v)
uv0 − vu0
√
D(u, v).
This completes the proof of Theorem 4.4. 
5. Future work
One continuation of this researchwould be to find the parametrizationwhen I(r, s, t) is a quintic polynomial. This would
mean that X0 is just a nonsingular point on the space curve.
The following two problems are suggested by the referee: (1) Find the parametrization when I(r, s, t) is a quartic. This is
a case intermediate between the cubic case considered in this paper and the general quintic case. (2) Study the intersection
of a quadric Q with a surface S of arbitrary degree n, where the intersection curve has a singularity of order 2n− 3. Can the
methods presented in this paper be generalized to find simple parametrizations for these cases?
Another interesting question would be to use methods similar to that of [7] and the family of cubic surfaces found in this
paper to find an explicit normal form for the intersection of a quadric and a cubic surface in the most general case.
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